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c^ . Introduction 

We consider parabolic equations in nondivergent form with discontinuous coefficients at higher 
^ ' derivatives. Their investigation is most complicated because, in general, in the case of discon- 

tinuous coefficients, the uniqueness of a solution for nonlinear parabolic or elliptic equations can 
,—1. . fail, and there is no a priory estimate for partial derivatives of a solution. There are some condi- 

'sj" ■ tions that ensure regularity of solutions of boundary value problems for second order equations 

o ; 

00 ! and that are known as Cordes conditions (see Cordes (1956)). These conditions restricts the 



o 



% 



scattering of the eigenvalues of the matrix of the coefficients at higher derivatives. Related con- 
ditions from Talenti (1965), Koshelev (1982), Kalita (1989), Landis (1998), on the eigenvalues 
are also called Cordes type conditions. Gihman and Skorohod (1975) obtained a closed condition 
implicitly as a part of the proof of the uniqueness of a weak solution in Section 3 of Chapter 3. 
Cordes (1956) considered elliptic equations. Landis (1998) considered both elliptic and parabolic 
equations. Koshelev (1982) considered systems of elliptic equations of divirgent type and Holder 
property of solutions. Kalita (1989) considered union of divergent and nondivirgent cases. 

Conditions from Cordes (1956) are such that they are not necessary satisfied even for 
constant non-degenerate matrices b, therefore, the condition for b = b{x) means that the 
corresponding inequalities are satisfied for all xq for some non-degenerate matrix 0{xo) and 
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b{x) = 9{xQ)'^b{x)9{x()), where x is from e-neighborhood of xq [e > is given). We found 
another condition (Condition 1.1 below) that ensures solvabihty and uniqueness for first bound- 
ary value problem for nondivirgent parabolic equation with discontinuous diffusion coefficients. 
This condition ensures existence of L2-integrable derivatives for the solution for L2-integrable 
free term. Prior estimate is proved, in contrast with the existing literature. 

For discontinuous diffusions, uniqueness of a weak solution cannot be guarantied for the 
general case (some cases of uniqueness are described in Gihman and Skorohod (1975), Krylov 
(1980), Anulova et al (1998), Liptser and Shiryaev (2000). We obtain some new conditions of 
uniqueness closed to conditions Gihman and Skorohod (1975) but sometimes less restrictive, as 
is shown by an example. 

Some definitions 

Assume that we are given T > and an open domain D C R" such that either D = R" or D is 
bounded with the boundary dD that is either C^-smooth (or such as described in Chapter III.8 
in Ladyzhenskaya and Ural'tseva (1968)). 

We denote Euclidean norm as | • |, and D denotes the closure of a region D. 

We denote by || • \\x the norm in a linear normed space X, and {•,-)x denotes the scalar 
product in a Hilbert space X. 

Introduce some spaces of functions. Let G C R'^ be an open domain, then M^!"(G) denotes 
the Sobolev space of functions that belong Lq{G) together with first m derivatives, q > 1. 



Let H^ = L2{D) be the Hilbert space of complex valued functions, and let H^ =W2 (D) be 
the closure in the W/(D)-norm of the set of all smooth functions that vanish in a neighborhood 
of dD, k = 1,2. Let H'^ = W2{D) D H^ be the space equipped with the norm of W^f (-^)- 

Let im denotes the Lebesgue measure in R™, and let Bm be the a-algebra of the Lebesgue 
sets in R™. 

We shall use spaces 
X'' = L'^{[Q,T],Bi,ii,H^), C^ = C{[0,T];H^), k = 0,1,2, ¥>" = X'^nC''-^, k = 1,2, with the 
norm ||f ||yfc = ||f||jffe + HwUcfc-i- 



1 Solvability of boundary value problem 



A 



Consider the domain D C R" such as described above, n > 1. Let Q = D x [0,T], where T > 
is given. 

Let 

" d'^v " dv 

Av= Y. b,,{x,t)——-{x) + Y,n{x,t) — {x)-X{x,t)v{x), (LI) 

where {x,t) G Q. 

We are studying the problem in Q 



^ + Av = -^, 



v{x, t)UG9D = 0, v{x, T) = $(x). 



(L2) 



Here h{x, t) : R" x R ^ R"^", /(x, t) : R" x R ^ R", and A(x, t) : R" x R ^ C are measurable 
bounded functions, 6jj, /«, and Xj are the components of 6, /, and x. 

If Z? = R", then the boundary condition for dD vanish in (1.2). 

We assume that b{x,t), f{x,t), X{x,t) vanish for (x,t) ^ D x [0,T]. 

Let us state the main conditions imposed on the matrix b. 

Condition 1.1 The matrix b = b^ is symmetric and has the form b{x,t) = b{x,t) + b{x,t), 
where b{x,t) = b{x,t)^ is a continuous bounded matrix such that 

= mf — ^ > 0. 

The matrix function b(x,t) £ L°°((5;R"^") is symmetric and such that there exists a set M C 
{1, . . . ,n} such that 

bij = bji = \fi,j :i(^M,j (^ M, 

and there exists a set {'yk}k£Af such that ^k G (0, 2) for all k and 



^ -— ess sup ^ (^6ifc(x,t)2+4^6ife(x,t)2 + 



2-7fc 



bkk{x,tf ] <6^. 



Remark 1.1 If card J\f < n, then Condition 1.1 allows bigger than for J\f = {1, . . . .,n} values 
bij for i G N , j G M. Different jk cl^so make this condition less restrictive: for instance, if 
bkk = 0, then we can allow 7^ = 2 — 0. 



In particular, the condition for v is satisfied if 

"^ ^ 52 

ess sup V hik{x,tf < — . 
' j,fc=i 

The next condition is not so principal, since it deals with low order coefficients and the 
continuous part b. 

Condition 1.2 There exists a domain Di C R" and functions b^'^'{x,t) : R" x R ^ R"^'^, 
/(^)(x,t) : R" X R ^ R", X(^\x,t) : R" x R ^ C, e > 0, such that mesDi < +00, 

z.b(e) = ||6(^) - 6|U^(Q) ^ as e ^ 0, 

55(e) 
Vb{^) = ess sup I — — {x,t)\ < +CX) Ve > 0, 
{x,t)£Q ox 

M^) = \\f^"'^-f\\LAQi)+ esssup |/(-)(x,t)-/(x,t)|^0 as e ^ 0, 

(x,t)eQ\Qi 

5/(£) 

Uf (e) = ess sup | — - — {x,t)\ < +00 Ve > 0, 
ix,t)eQ ox 

i^xie) = \\>^^''^ - MluiQi) + esssup |a(^^(x, t) - A(x, t)| ^ as e ^ 0, 

{x,t)eQ\Qi 

z^A (s) = ess sup I ^ — (x,t)|<+oo Ve > 
ix,t)eQ ox 

Here Q^ = Di x {0,T), r = max(l,n/2). 

Remark 1.2 Condition 1.2 is satisfied if f,b,X are bounded and D is bounded. In that case, we 
can take Di = D and the Sobolev averages of the functions b,f,X as b^"^' , f^'^' , X^"^' respectively. 
Note that Condition 1.2 implies that 

ll/llin(Qi) + esssup |/(x,t)| < +00, ||A||l,{Qi)+ esssup |A(x, t)| < +00. 

{x,t)(iQ\Qi {x,t)eQ\Qi 

We introduce the set of parameters 

f n, D, T, 6, M, {'yk}keMi 
sup^^j|6(x,t)|, sup3,^J/(x,t)|, sup3.^JA(x,t|, V, vi,{-), i?b{-), Uf{-), Uf{-), ux{-), z^a(-) 



V^ 



We have that V includes f6(-), hence V depends on the modulus of continuity of b. 



Theorem 1.1 Assume that Conditions 1.1-1.2 are satisfied. Then problem (1.2) has the unique 
solution V ^ y'^ for any (p G L2{Q), $ G H^ , and 



\\v\\y2 < c(||99||L2(Q) + ||$||/fl), 

where c = c{V) is a constant that depends on V . 



(1.3) 



We shall need some auxiliary spaces to prove the theorem. Let H^ be the set of f G 
1^2 (-^) ^ -^^ with the special norm 

+ ai||^llvi/|(D)- (1-4) 



1^2 



E E 



d'^i 



dxkdxi 



H" 



Tfc 
2 



dh 



dxl 



W> 



Here ai > is some constant. 

Introduce Banach spaces X"^ = L^([0, T],Bi,ii,H'^) and Y"^ = X"^ n C^ with the norm 



Iy2 = Ibll^a +«2||w||ci- 



(1.5) 



Here 02 > is a constant. 



Remark 1.3 Since 7^ G (0,2) for all k, (3.1.4) defines a norm, the norm H^ is equivalent to 
the norm Wf (D), and the norm Y'^ is equivalent to the norm Y^ . 

Therefore, to prove Theorem 1.1, it suffices to prove the following theorem. 

Theorem 1.2 Assume that Conditions 1.1-1.2 are satisfied. Then problem (1.2) has an unique 
solution f G y^ for any ip G L2{Q) and $ G H"^ , and 



Il^lly2 <c{\Ml2{Q) + \M\h^)^ 

where c> is a constant that depends only on V and ai, 02 • 



(1.6) 



Remark 1.4 For D = R" a closed to Theorem 1.1 was announced in Dokuchaev (1996), where, 
however, the estimate was obtained for the derivatives with discontinuous coefficients only, just 
to make the equation meaningful). 



2 Examples 

Let b = b{x), and let Ai,. . . ,A„ be its eigenvalues. The classic Cordes conditions from Cordes 
(1956) was formulated for n > 3 as 

/ n \ 2 
3e>0: (n-l)^(A,-A,)2<(l-e)K]A, . (2.1) 

i<j \i=l ) 

It was shown by Talenti (1965) that (2.1) is equivalent to 

n n /n\2/n,\2 

This form (2.2) can be given also to the condition from Kalita (1989) for a system with one 
nondivirgent equation. 

Conditions from Landis (1998) has the form 

n 

3e>0: ^Aj < (n + 2-e)min{Ai,...,A„}. (2.3) 

1=1 

The condition from Section 3, Chapter 3 from Gihman and Skorohod (1975) is such that in the 
simplest case can be written as 

3e>0: Tr((6-/)2) < 1-e. (2.4) 

(In Gihman and Skorohod (1975), / was replaced for a smooth matrix function). 
In our notations, the last condition can be rewritten as 

n 

6 = /, 3e > : ^ fef^- < 1 - e. (2.5) 

The regularity of the parabolic equation established by Gihman and Skorohod (1975) under 
condition (2.4) is weaker than the regularity established by Theorem 1.1 

Note that Gihman and Skorohod (1975) obtained the regularity that was just enough to 
ensure the uniqueness of a weak solution of some Ito's equation. In fact, conditions (2.4), (2.5) 
are sufficient for Theorem 1.1 as well. We leave it without proof; note that there is a proof 
similar to the proof given below and different from the one given in Gihman and Skorohod 
(1975). 



In fact, Cordes conditions mean that inequalities (2.1)-(2.3) are satisfied for all xq for some 
non-degenerate matrix 6{xo) and for all matrices b{x) = 6{xq) b{x)6{xQ) , where x is from the 
e-neighborhood of xq, and where e > is given. Similarly, condition (2.3) was adjusted in Landis 
(1998), and condition (2.4) was adjusted in Gihman and Skorohod (1975). 

Let n = 3, b{x,t) = b{x), 

I 1 a{x) I3{x) \ / a{x) f3{x) \ 



b{x) 



a{x) 1 

V P{x) 1 ) 



b{x) 



a{x) 

V P{x) ) 



where q;(x),/3(x) are arbitrary measurable functions, |a(x)| < a = const, |/?(x)| < /? = const, 
and functions q(x),/3(x) are quite irregular. 

It is easy to see that Condition 1.1 is satisfied if a^ + /3^ < 1 for A^ = {1} and for some 
7i < 2 being close enough to 2. 

The spectrum of b is {1, 1 — \/a{xY + l3{xY, 1 + \/a{xY + /^(a;)^}. Then conditions (2.1), 
(2.2) fails if (a2 + p'^) > 3/4, and (2.3) fails if (a^ + /32) > 2/5. Conditions (2.4) and (2.5) fail 
if q2 + ^2 > 1/2. 

Therefore, Condition 1.1 is less restrictive for this example than condition (2.5) or the condi- 
tions from Cordes (1956), Gihman and Skorohod (1975), Kalita (1989), Koshelev (1982), Landis 
(1998), Talenti (1965). 

There may be opposite examples when condition (2.1) is satisfied, but Condition 1.1 fails. 

3 Proof of Theorem 3.1.2. 

The main idea is to prove theorem for some e = e{V) > for u replaced with 

Ue{x,t) = u{x,t)eyip{K{e)t}, (3-1) 

where K{£) > is a function of e such that K{£) -^ +00 as e ^ +0. 
Let A(=)(x,t) = X(-'\x,t) + K{e), and let 

A,u^ J: 6g)(x,t)^(x)+E/i^^(x,t)£(x)-A(^)(x,t)n(x,t). 
Consider the problem 

^ + AeV = -if, 

v{x,t)\x(iQD = Q., v{x,T) = ^{x). 



Introduce the operators L{e) : X^ -^ Y'^, C{e) : H^ ^ Y"^ such that u = L{e)ip + C{£)^ is the 
solution of (3.2). Let ||L(e)|| denotes the norm of the operator L(e) : X^ -^ Y'^, and let ||vC(e)|| 
denotes the norm of the operator C{e) : H^ -^ y^. 

Lemma 3.1 For any 7 > 0, there exists a small enough e* > 0, and a function K{e) > 
(increasing as e ^ Oj, and ai = 0^(7, "P), i = 1,2, in (1.4)-(l-5), such that e^, = e*(7,'P), 
K{-)=K{;^,V), and 



|L(£)||<7+^(Et-) ' 11^(^)11 < CO VeG(0,e,], 



1 



(3.3) 



where Cq = 00(^,01,02) is a constant. 



Proof. Let Lp G X^ be a smooth function with a compact support inside Q. Set 7^ = 1 for 

Let V = L{e)(p. We have 

2II^(-'*i)IIh'' = 2ll^("'^)ll^'' +y {v,AeV + (p)Hods. 
We shall use below the obvious inequality 



2a/3 < ea^ + e"^/?^ VQ,/3,e G R,e > 0. 



In particular. 



We have the estimate 



iv,ip)HO < —11^11^0 + -jIMho Vei > 0. 



d'^v 






«J=1 



.j^a,j .^_^ 



HO 



= E 
-|^^E 



9v ^s)dv 



^ydfr_ 
2 V ' ^ 9x,, / HO 



<(-<5 + z.i)E 



5xi 



ffO 



56Sf dv 

> — ■j- 

dxj dxi J Hi) V dxj ' ^-^ 5xj / HO 

■ (f,A(^)w)HO - i^(e)||w||^o + {v,ip)H^ 
K{e)\\v\\]jo + ci\\v\\]jo + ^II'/'IIho, 



where ei > 0, z^i > can be arbitrarily small, and ci depends on e, ei, i^i, V. Hence we have 
that choosing K{e) = K{e,v) > ci for z/ > can ensure that 



L{e)ip\\-^ < u\\ip\\xo VeG(0,e*], \/ipeX°. 



(3.4) 



We have that 



dv , 2 



dx 



HO 



^■"(.,r,^ 



dx 



HO 



"^ f dv d 



1 \dxk dxi, 



(AeV + ip)] ds. 
J HO 



Remind that ip has compact support inside Q. Then 



f dv dip\ 
\dxk dxkJ 

Note that if 6(^) G C^ then 



^Ik 



< 

HO 2 



dh 



dx\ 



+ 



1 



HO 257fc 



I Il2 

m\HO- 



dv 9b[f g2„ 



9xfe ' fefc dxidxj 



dv 



dv 



,2i,(e) 



HO 



dH- 



dv 



db] 



(e) 



HO 



d^ 



db 



,(=) 



dv 



dxidxf^ ' dxf^ dxj 



d'^v 



dx^. ' dxi dxjdx^; 



+ 



HO 



db' 



(e) 



dv 



d^v 

dx'j, ' ^a^i &j 



HO 



HO 



+ JdD "^ijkdS 



(3.5) 



ab! 



,(=) 



9d 



9^^; 

dxidxk ' tofe 9xfe 



) + JdD '^ijkds, 
J HO 



where 



'^ijk 



J, 



ijk 



dv dbj^j dv 



cos(_n, Cfcj 



J, 



jjfe 



Sv db^j dv 



axfc axj axj oxfc dxk dXj 



cos(n, Ci 



n = n(s) is the outward pointing normal to the surface dD at the point s G dD, and e^ is the 
fcth basis vector in the Euclidean space R" = {xi, . . . , Xn}- 

If b^"^' is general, then the right hand and the left hand expressions in (3.5) are still equal. 
Hence, we obtain 



dv dbf^ d\ 



dxk ' dxk dxidxj J jjo 



<e2 



d^ 



dxkdxj 



+ 



HO 



^2 



dxhdxi 



+ 



HO 



dh 



dxi 



2 
HO 



1 2 f 

+ C2- — \\v\\tti+ Jijkds Ve2 > 0, 

2e2 JdD 



where the constant C2 depends only on V. 
Therefore, 
dv d 



, {AeV + ^) 

dxk dxk J HO 

V dxk ' 5x1 



E ^i;^(^^ 



*,i=i 



d'^v 
dxjdxi 



dv 



+ E/i (•,t)^-A(^)(.,t)t;(.,t)+V.(-,t) 



i=l 



9x 



HO 



E 



*j= 



( dv db\f d^ 






1 I V dxk ' dxk dxidxj J jjo \ dxkdxi ' ^^ dxkdxj J j/o 



i=l 






/fO 



9f 9/^^) 9f 



^1 \9xfe' 9xfc dxiy HO 



U^jl 



(e) 



d^ 



dv 2 

HO 



< {-6 + U2 + 263) Y, 



S^-u 



5xfc 

2 



VSxfe' * dxkdxiJ H" 



dv d(p \ 



+ I ^ — ^Tr~ ) + / Jijkds 
oxk oxk/r" 



dxkdxj 



+ 



+ E 



aD 



Jijk^S \ 



HO 
1 



2 

£1 



+ £3 



HO 
d'^v 



dxl 



HO 



dD 



+C2\\v\\Hi 



(^ + §)lMII,.-A-(e, 



dv 



dxi 



HO 



(3.6) 



where the constant C2 depends only on V, constants £3 > and 1^2 > can be arbitrarily small, 



J, 



ijk 



'-'ijk "■" '-'ijk^ 



T" 

^ijk 



dv 



.(=). 



d'^v 



dxk ^-^ dxidx. 



■cos(_n, CfcJ 



Let us estimate /g^, Jjjfc. It vanishes if D = R" (as well as all integrals over the boundary 
dD). For a bounded domain D, we mainly follow the approach from Section 3.8 Ladyzhenskaya 
and Ural'tseva (1968). Let x^ = {x^}f^i £ dD be an arbitrary point. In its neighborhood, we 
introduce local Cartesian coordinates t/m = J2^=i Cmk{xk — ^k) such that the axis y„ is directed 
along the outward normal n = n(xo) and {cmk} is an orthogonal matrix. 

Let yn = ^{yi, ■ ■ ■ , yn-i) be an equation determining the surface dD in a neighborhood of the 
origin. By the properties of the surface OD, the first order and second order derivatives of the 
function u are bounded. Since {cmfc} is an orthogonal matrix, we have Xk — x\ = X]m=i CkmUm- 
Therefore, cos(n, Cm) = Cnm-, m = 1, . . . ,n. Then 



j' 

'-'ijk 



m=l 



'dy„ 



p=i 



" 96.^!^ 



n n- n n 



" dh'^f) 



«j 



SypVfrt ^yi 



{ dyr 



T" 



dv 



/ . '^»"^>5„, bijCnk 7 , 



Crk^nk 



d^i 



^ni Cn 



m=l 



oym p^i dypdyg 



The boundary condition v{x,t)\x(=dD = has the form 

t;(yi,...,y„_i,u;(yi,...,y""^),t) = 

identically with respect to yi, . . . , yn-i near the point yi = . . . = y„-i = 0. Let us differentiate 
this identity with respect to yp and yg, p,q = 1, . . . ,n — 1, and take into account that 

duj 

dyp 



(p=l,...,n-l). 



10 



at xq. Then 



dv 

dyp 



dypdyq 



dv d'^uj 
dyn dypdyq 



dv d'^uj 
5n dypdyq 



(p,g = l,...,n- 1). 



Hence 



Jijkds < ci 
dD JdD 



JdD Cn f-^^ Jd 



« j=i ■ 



d'^v 



dxidxj 



dx + C2{l + e^^)\\v\\jji Ve4>0 (3.7) 



for some constants q = Ci(e,'P). The last estimate fohows from the estimate (2.38) in Chapter 
2 from Ladyzhenskaya and Ural'tseva (1968). 

As mentioned above, for a suitable choice of the functions K{e) = K{e, u) and for an arbi- 
trarily small jy > 0, one can provide the estimate ||L(e)99||j;i < J^llt^Hxo (^^ ^ (0, e^JjV^? G X^). 
The constants £3 > 0, £4 > 0, and z^2 > can be arbitrarily small, and the constant ci depends 
on £,£i,zv]^,7fc and , V. Combining (3.4) with (3.6) and (3.7), we see that for some function 
K{e) we have 



5:(rdt/|(5-^.2-2£3)E 



<e(-ii*^ + (^ + | 



d'^v 



dxkdx. 



ix,t) 



Sjk 



+£3 



d'^v . , 



dx 



keM 



""'^"'-IxA'''^^^^ 



+ -SUP 

2 t 
1 



dv 



dxk 
£1 
2 



,t) 



HO 



I Il2 



(3.8) 



Therefore, 



^\Jo Jd I ^ 



9^t; 



+ -SUP 

2 i 



9f 



dxkdxi 
2 



(x,t) 



2 



(9^1; 



dxl 



'x,t) 



dx 



dxi 



■,t) 



HO 



< y , 

"i:^V257. 



1 



+ ^^6 IIV'llxo 



for some sufficiently small Ei = ei{e,V) > 0, i = 5,6. (Here f2,£3 are from (3.6)). Take the 
sum in (3.8) with respect to fc = 1, . . . ,n and choose a sufficiently small number ai = 01(7, "P). 
This, together with (3.8), yields the first estimate in (3.3). 

In a similar way, taking into account the initial condition in (3.8) and taking the sum in 
(3.8) with respect to A; = 1, . . . , n, we obtain the estimate ||'v||y2 — c||*&||//i for v = £(£)<&, where 
c = c('P) is a constant. Then we obtain the assertion of Lemma 3.1. □ 



11 



Introduce the operator i?(e) : i -^ i 
R{e)v = L{e)\ ^ h 



'"' +i:fe-!fi^.D/.-/-i£-[A-A'"i.}. 






^i^^j 



Lemma 3.2 There exists a number e = e(V) > such that the norm of the operator i?(e) : 
y2 _^ y2 ^^^^ ^g estimated as ||-R(e)|| < 1 (Ve G (0,e]). 



Proof. We have 



^ %(x,t) 



92, 



«j=i 



dxidxj 



{x,t] 



92 



E E ^k^ix,t)——-\x,t) + 2 E &H(x,t)- 



^^^ 



k£Af ^i&Af 



OXkOXi ^ OXkOXi 



ix,t) 



< 



E E &fc*(x,t)2 + 4E^fei(a^,*)^ + 

2 



1 _ 2^ 



bkk{x,t)' 



1/2 



XI E 

^i=l,...,n, j^j^fc 



92? 



dxkdxi 



kUXi 



{x,t) 



+ 



1 



7fc 



d'^v 



dx\ 



(x,t) 



1/2 



^E( E h^{x,tf + ^Y.'^ki{x,tf + 

k£j\f^k£Af,iytk i(^M 



2 



1 -1 



xE E 

fceA^ ^i=l,...,n,ij^k 



d'^v 



dxudx 



kUXi 



■{x,t) 



+ 



Ik 



d'^v 



dxl 



bkk{x,ty 
2. 

x,t) 



Hence 



Eh 



dh 






<Ke 



1 

2^ 



-1 



Mh< 



fx-± 



^ME 



27fc 



-1 



1X2' 



j5fO ^fceA^ " //c/ ^keAf 

In addition, Condition 1.2 and the embedding theorems for Sobolev spaces imply the estimates 



E (b^J - h 



V 






(e)^ 



+ 



XO 



1=1 ' 



+ 



XO 



(A-A("V 



XO 



where the constant C depends only on n. This proves Lemma 3.2. □ 

Let us now complete the proof of Theorem 1.2. By Lemma 3.2, (/ — i?(e))~^ : y^ ^ y2 ^g 
a continuous operator. Let 

(^e(x,t) = (/^(x,t)e^(=)*. (3.9) 

The function u{x,t) is the desired solution of problem (1.2), if relation (3.1) holds, where 

ue = il- Rie))-^ [L{e)ips + £(e)$] (3.10) 
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because we have 



Ue = L{e)^e + >C(e)$ + R{e)ue 



in view of (3.9)-(3.10). Therefore, 

\\ue\\^, < (1 - \\R{e)\\)-\\\L{e)\\ \We\\L,iQ) + \\C{e)\\\mm). 
This, together with (3.1) yields the estimate (1.6) and the assertion of Theorem 1.2. □ 

4 Uniqueness of a weak solution of Ito's equation 

Consider the n-dimensional vector Itos equation 

dy{t) = f{y{t),t)dt + p{yit),t)dw{t), (4.1) 

y{s) = a. (4.2) 

By y^'^{t) we denote a solution of this equation, < s < t < T. 

In (4.2), ■w{t) is a Wiener process of dimension n, f{x,t) : Q -^ R", (3{x,t) : Q -^ R"^", 
Q = R" X (0, T) are measurable functions. 

Denote 

b{x,t)^^(3{x,t)(3ix,tf. 

We assume that the functions f{x, t), f3{x, t), b{x, i) are bounded and that the function h satisfies 
Condition 1.1. 

Let (r2o,.^0)Po) be a probability space. 

Theorem 4.1 (Krylov (1980), Chapter 2). For any random variable a £ L^(Oo,.Fo,Po,R"), 
there exists a set 

|(0,.F,P),(t/;(t),.Fi),y"'^(t)|, 

where (r2,jr, P) is a probability space such that a G L^(i7,.F, P), {w{t),J-t) is a Wiener process 
of dimension n on (i7,.F, P), Tt'^T is a filtration of a -algebras of events such that w{t) —w{s) 
do not depend on a and on Tg for t > s, and y"'^(t) is the solution of (4-.2) for w{t). 

(In the cited book, the proof was given for non-random a, which is unessential). 
We assume that Q = D x {0,T), where either or D = R" or D <Z R" is a bounded simply 
connected domain with C^-smooth boundary. 
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Introduce a bounded measurable function X{x,t) : Q ^ C. We assume the following condi- 
tion. 

Condition 4.1 The functions b,f,X are such that the conclusion of Theorem 1.1 is valid. 

Remark 4.1 It follows from. Theorem 1.1 that Condition 4-1 is satisfied if Condition 1.1 is 
satisfied for h, and Condition 1.2 is satisfied for f and A. 

Let X denotes the indicator function. 

Theorem 4.2 Let a he a random vector with the probability density function p{x), let a & D a.s., 
p G H'^^ , andEjap < +oo. Let functions f{x,t), (5{x,t), b{x,t) be measurable and bounded, and 
let Condition 4-1 be satisfied. Let y"''^{t) be a weak solution of (4-2), r"'* = inf{t : y"''^{t) ^ D}. 
For the functions ip G L2{Q) and ^ G H^ , set 

+ Ej^ (p(y'^'^(t),t)exp|-y^ X{y-''ir),r)drjdt. 



Then 



Fa,s = {v{-,s),p)ho, 



where v (i Y"^ is a (unique) solution of problem (1.2) for the operator A given by formula (1.1) 
with the above functions f, b and X, and 

\Fa,s\ < c\\p\\H-i{\\f\\L2iQ) + WHm), 

where c = ciV) is a constant occurring in Theorem 1.2. 

Corollary 4.1 (The Maximum Principle). Assume that conditions of Theorem 4-2 are satisfied 
and, in addition, that X is a real function, ip{x,t) > for a.e. x,t, and <I>(x) > for a.e. x. 
Then the solution v of problem (1.2) is such that v{x,t) > for all t for a.e. x. 

Introduce operators Ls^t ■ L2{D x {s,t)) -^ H^, Cg^t '■ H^ -^ H^ such that v{-,s) = Ls^t^ + 
Cg^t^ is the solution of the problem 

^{x,r) + Av{x,r) = -Lp{x,r), r < t, 
v{x,r)\xedD = 0, v{x,t) = ^{x). 
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at the instant s, where s < t. By Theorem 1.1, these hnear operators are continuous. The 
conjugate operators 

LI, : H-' -^L^iDx [s, t]), CI, : H'^ -. R-' 

are also Hnear and continuous. 

Theorem 4.3 Under the assumptions of Theorem J^.2 (with D = R"J, the weak solution y°''^{t) 
of Eqn. (4-2) with s = has the probability density function p{-,t) G H^ for a.e. t. Moreover, 
p G L2{Q), p{-,t) G H^^ for all t, p{-,t) = C^fP and p = L'^j.p for the operators Cq,, Lqj, 
defined for A = (i.e., the probability density function p{-,t) is uniquely defined as an element 
of L2{Q) and is uniquely defined as an element of H^^) for all t. 

Proof of Theorems 4 -2-4 -3. It suffices to consider s = 0. 
(i) Let (/? and <& be such that 

Here L : X^ -^ Y'^, C : H^ -^ Y^ are operators such that v = L^p + C^^ is the solution of problem 

d^ + Av = -03, 

^* ^' (4.3) 

v{x, t%(zdD = 0, v{x, T) = $(a:) 

(or the corresponding Cauchy problem for D = R"). In this case relation (4.3) follows from the 
Ito formula. 

(ii) Let if G X^ and <I> G H^ be arbitrary. Introduce the sets 

5i ^ {(^ G ^0 : Lv? G C2'i(Q)}, ^2 = {$ G i?^ : £$ G C^^\Q)}. 

By Theorem 1.1, arbitrary functions tp G X^ and <I> G H^ can be approximated in these spaces 
by 99£ = —du^'^'/dt — Au^^' and <!>£ = u^^'(,T) respectively, where u'^-* is the Sobolev average of 
the functions u = L(p or n = £<!> respectively: by Theorem 1.1, (p^ -^ (p in X^ and <!>£ ^ <I> in 
H^ as e ^ 0. Hence, the sets Si and 5*2 are dense in X^ and in H^, respectively. 

Let p = L^rpp. This is an element of X^ , and p{-,t) = C^^p ^ H~^ for all t. Let p{x,t) be 
the probability density function of the process y"''^{t) being killed at dD \i D ^ R" and being 
killed inside D with the rate A. The density p(x, t) exists by the estimates from Section 2.3 from 
Krylov (1980). As was proved above for (p £ Si and <& G S'2, we have 

ivi-,0),p)HO = (^,p)x« + ipi-,T),<^)HO = ip,^)xo + (p(-,T),$)^o. 

15 



Therefore, p = p and p G X^, p{-,T) = p{-,T) G H^^. 

Let if G X^ and <5 G ii/^"*^ be arbitrary, and let v = L^p + £<!>. Let t''^-' be the Sobolev average 
of the function v in R" x R, let tpe = —dv'^^^dt — Av^^\ and let ^^ = v^'^\-,T). By Theorem 
1.1, (fe -^ (f in X^ and <!>£ ^ <I> in ii^^ as e — > 0. We finally obtain the assertion of the theorem 
from the relation 

(.v{-,0),p)ho = lims-^o{v^^\-,0), p)h" = lims^o{{ips,p)xo + {p{-,T),^s)ho) 

= ip,ip)xO + ipi-,T),<^)HO =Fa,o. 

n 

Theorem 4.4 Let a be a random vector, let E|ap < +cx), and let p be the probability density 
function of a, p G H~^ . Assume that Condition 4-1 is satisfied if f is replaced for f = 0, an 
assume that the function f is measurable and bounded. Then problem (4-2) has a unique weak 
solution (i.e., the solution of (4-2) is univalent with respect to the probability distribution). 

Proof. It suffices to prove the uniqueness of the distribution of the process 

z{tf = [arctgy;''°(t),...,arctgy^'0(t)], 

because the function arctg : R -^ (— tt, vr) is one-to-one. We consider z{t) as a generalized 
random process defined in Hida (1980) with the parameter space L^([0, T],;Bi,£i, R"). As is 
shown in Hida (1980), the distribution of the process z(-) is uniquely defined by the values of 
the functional 

F,,o(0 = Eexp|-^'^ie(t)^^(i)rfi}- 

on the set ^ G L^([0,T],;Bi,^i,R"') or on the set of functions C([0,T];R"), which is dense in 
L2((0,r),^i,£i,R"). Here i = y/-[. 
It is easy to see that 

FafliO = 1-^E^ C(t)^z(t)exp|-^*iC(r)Tz(r)dr|(it. 
We first assume that / = 0. By Theorem 4.2, 

Fa,o{0 = ^-i{V,p)H^^, 

where V = Lip for 

(p{x,t)=^{t) [arctg xi, ..., arctg x„] , \{x^t) = iip{x,t). 
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Hence Fa^ is unique for ^ £ ^^((0, T); R"), and the weak solution is unique if / = 0. 

Let / be an arbitrary measurable bounded function. We apply Girsanov theorem. Consider 
the equation 

' dy{t) = P{y{t),t)dw{t), 
y{0) = a. 

As proved above, it has a unique weak solution. By Theorem 2 from Chapter 3 of Gihman 
and Skorohod (1975), the distribution of the solution y^'^{t) is uniquely determined by the 
distribution of y{t). Hence, the distribution of y"''^{t) is defined uniquely. This completes the 
proof. □ 
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